Skid-steered robots are commonly used in outdoor applications due to their mechanical simplicity, high maneuverability, and robustness. The maneuverability of these robots allows them, under ideal conditions (e.g., flat terrain and powerful actuators), to perform turning maneuvers ranging from point turns to straight line motion. However, sloped terrain, terrain with high friction, or actuator torque and power limitations can limit the achievable turning radii. This work presents the analysis and experimental verification of a dynamic model for skid-steered autonomous ground vehicles equipped with non ideal (i.e., torque and power limited) actuators and moving on sloped terrains. The experimental results show that the model is able to predict motor torques for the full range of turning radii on flat ground, i.e., from point turns to straight line motion. In addition, it is shown that the proposed model is able to predict motor torques (including motor saturation) and minimum turn radius as a function of terrain slope, vehicle heading, terrain parameters and actuator characteristics. This makes the model usable for curvilinear motion planning tasks on sloped surfaces.
INTRODUCTION
Challenging tasks on outdoor terrains such as search and rescue, construction, and mining to cite a few, require highly versatile and maneuverable vehicles able to navigate on different terrains and perform maneuvers that involve movements from sharp turns to linear motion. For this reason along with the mechanical robustness and simplicity, skid-steered vehicles have been the vehicles of choice for many of these applications. Mobile robots have also followed the same trend and skid-steered robots are today one of the most commonly employed mobility platforms. However, as any real platform, skid-steered robots have some important limitations. First, as indicated by their name, these platforms must slip and/or skid in order to turn, which in turn makes them less predictable than, for example, differentially driven robots. Second, while performing sharp turns, the required motor torques increase significantly when compared to straight line motion, which can lead to actuator saturation. This results in degraded performance (e.g., the robot cannot track the desired turn radius or a desired velocity profile).
Figures 1 and 2 illustrate this phenomenon. The modified Pioneer 3-AT robot shown in Fig. 1 was placed on a 10 • inclined hill and was commanded to perform a turn of 0.4m radius at a constant speed of 0.2m/s. However, as shown in Fig. 2 the vehicle was not able to track the commanded velocities due to actuator saturation. Notice that during the first 5 seconds the actual angular velocity is almost zero as the saturated torques were not enough to rotate the vehicle. Furthermore, as shown in Fig.  2 , after time t = 6s, the robot velocity drastically overshot the commanded velocity because the actuators came out of saturation and the velocity tracking error had grown significantly while in saturation. It is important to note that this situation caused the robot to lose control and it constitutes therefore an important motivation for developing and employing robot models that capture the dynamics of turning. In addition, a dynamic model, such as the one proposed in this paper can then be employed by motion planners to generate trajectories that avoid actuator saturation, resulting in predictable robot motion.
Previous work on dynamic modeling of skid-steered robots includes [1] [2] [3] [4] [5] . In [3] and [4] a thorough study of tracked vehicle dynamics during turning on firm ground was conducted. Wong's dynamic model is based on the relationship between shear stress and shear displacement and was shown to be able to predict sprocket torques significantly more accurately than previous models based on Coulomb's friction, in which shear stress is assumed to be constant for all turning radii [6] . In [4] the model is validated using four speed groups, with each group spanning speeds in a 5km/h range. Wong's model validation showed that although sprocket torques depend on speed, their variation with speed is negligible within each speed group. Though the study provided by Wong provided detailed analysis of vehicle dynamics, it was limited to tracked vehicles and did not considered actuator limitations or sloped surfaces.
Even though, the model of [4] was intended for hard surfaces, the research of [1] simulated Wong's original model and tested its validity on soft ground using previously published experimental data. However, the model was validated for only a small set of turn radii (10 − 30m) and on flat ground. The model of [4] was extended in [5] for wheeled skid-steered vehicles and validated its performance on a vinyl surface for turn radii (R) exceeding the vehicle hull (i.e, R > B 2 , where B is the vehicle width).
The research of [2] and [7] developed dynamic models for skid-steered vehicles. However, they both were based on Coulomb's friction, which limits the models to only small turning radii. Also, the effect of sloped surfaces was not discussed.
Regarding robot dynamic models and its application on hills, an experimental model to determine braking forces on hills with the aim of predicting stopping distances was proposed in [8] . However, the work was limited to linear motion. Perhaps the closest work to our current research was developed in [9] and [10] , where trafficability and mobility for rovers on sloped terrain were analyzed using a terramechanics-based approach. However, the studies of [10] were developed for all-wheel steered vehicles moving on soft ground, which require a different wheelterrain interaction model. Therefore, the research of this paper and the research of [10] are complementary. In addition, the work of [10] did not explicitly discuss the dependence of vehicle torques on turn radius.
The main contributions of the present work are the extension of the model presented in [5] in the following ways: first, the model is extended and validated to handle the full range of turn radii. It is important to note that the robotic platform used in [5] was 12kg heavier and was not capable of performing turn radii smaller than the vehicle hull. Second, the model is extended and validated to handle curvilinear motion on hills. Finally, ter- rain dependent minimum turn radius (MT R) prediction curves are introduced and their applicability to path planning on sloped terrains is discussed.
The remainder of the paper is organized as follows. Section 2, presents the proposed dynamic model. Section 3 includes experimental results and a description of the MT R curves. Finally, Section 4 presents concluding remarks and future work.
DYNAMIC MODEL
Following [5] , the dynamic model for a skid-steered vehicle performing a turning maneuver (see Fig. 3 ) can be expressed in terms of wheel states and is given by
T is the angular position of the inner and outer side wheels respectively,q = [w i w o ] T is the angular velocity of the inner and outer wheels, τ = [τ i τ o ] T is the torque of the inner and outer motors, M is the mass matrix, C(q,q) is the resistive, and G(q) is the gravitational term. Here, we concentrate on steady state maneuvers and therefore Mq = 0. It is important to note that the proposed model considers only the slipping/skidding introduced due to steering and assumes that for linear motion pure rolling is satisfied. In order to capture the ground-wheel interaction it is necessary to model the term C(q,q) of Eq. (1). Here, we base our analysis on the model initially proposed in [3] for tracked vehicles and extended on [5] for wheeled skid-steered vehicles moving on flat ground. However, in this work, the C(q,q) model is extended to capture the frictional forces involved in the full range of possible turn radii and also the effect of terrain slope and vehicle heading.
The modeling of the terrain ground interaction is based on the relationship between shear stress τ ss and shear displacement j given by [3] 
where p is the normal pressure, µ is the coefficient of friction, and K is the shear deformation modulus. It is then possible to compute the longitudinal frictional forces on each side of the vehicle by integrating Eq. (2) over the contact patch of each wheel (shaded areas in Fig. 3 ).
Assuming that the vehicle turns with constant angular velocity Ω z about a center of turn O with turn radius R as illustrated in Fig. 3 , it is possible to compute the shear displacement for the outer and inner vehicle sides along the X and Y directions. The vehicle of Fig. 3 is assumed to have wheels of radius r, wheel base L, track width B, and wheel contact patches of size p l × b. The contact patches were measured using the Tekscan pressure measurement system [11] , which employs an array of pressure sensors placed under the tire to generate a profile of its imprint on the surface. Although the actual shape of the contact patch is elliptical, it can be closely approximated by a rectangular shape. In addition, since the tire pressure was maintained constant at a high value of 20psi, it is assumed that the size of the contact patches remain constant for all experiments. For generality sake, the vehicle is assumed to have an off centered center of gravity (CG) located at (C x , C y ) and a center of turn shifted by an amount S o from the CG. Table. 1 lists the key parameters involved in the robot model.
Following [3] and the conventions of Fig. 3 , the shear displacements for the inner side (front and rear) wheels at a point (x i , y i ) are given by
where
. 
In a similar way, the shear displacements for the outer side (front and rear) wheels at a point (x o , y o ) are given by
The longitudinal frictional forces for the inner (F i ) and outer (F o ) sides are obtained by integrating Eq. (2) over the contact patch area of each wheel. To capture experimentally observed asymmetries, different coefficients of friction µ i and µ o have been assumed for each side of the vehicle. (In the future, we expect to gain a better understanding of the need for these two different coefficients.) F i and F o are then given by
where γ i and γ o are the angles between the resultant sliding velocities of the inner and outer wheels and the lateral direction of the vehicle. Following [3] , the inner and outer sliding velocities are given by
Then, γ i and γ o can be computed as
The normal pressures on the wheels vary as a function of the terrain slope and the vehicle heading. Referring to Fig. 4 , it is possible to perform a moment balance about the "inner and outer wheel lines" (i.e., the line connecting the center of the inner wheels and the corresponding line for the outer wheels) and obtain the following normal forces on the inner (N i ) and outer (N o ) sides as
where θ and ψ represent the slope of the hill and the vehicle heading, W is the vehicle weight, which as shown in Fig. 4 has a longitudinal component W ln and a lateral component W lt , h is the height of the CG, R is the distance from O to the CG, and β represents the angle between the vector going from the center of turn O to the CG and a vector going from O to O v (refer to Fig. 3 for easy visualization of this parameter). Similarly, performing a moment balance about the front and rear axles, we get
Assuming symmetry, the normal pressures on each wheel are then estimated using
The resistive torque C(q,q), has an additional component due to the rolling resistance and friction in the motor bearings and different components that make up the driving system. The friction in the driving system [τ ires τ ores ] T is experimentally determined by elevating the robot so that its wheels lose contact with the ground and measuring the motor torques while maintaining a nominal vehicle speed of 0.2m/s. The rolling resistance forces [R i R o ] T are determined by measuring the motor torques while the vehicle is moving in a straight line at the nominal speed and then subtracting the driving system friction [τ ires τ ores ] T . Once the rolling resistances are determined, it is possible to estimate the coefficients of rolling resistances for the inner and outer sides as follows:
Finally, the total resistance term C(q,q) can be expressed by
where r is the wheel radius. When traversing slopes, it is also necessary to overcome the gravitational term G(q), which can be derived from Fig. 4 by performing a force and moment balance as
Actuator Saturation
As shown in Fig. 2 , when non ideal actuators are pushed to their saturation limits, uncontrollable vehicle motion could result. These situations can be avoided by incorporating motor and motor controller models into the vehicle dynamic model. In this research, the modified Pioneer 3-AT robotic platform uses two Maxon motor controllers (one for each vehicle side) controlled in current mode. In order to protect the motors, maximum conservative current levels of I lim = 5.46A are set for both motor controllers. The maximum output voltage from the motor controller is given by
where PW M max is the maximum achievable pulse width modulation (PWM) value, which as stated by the manufacturer is of 0.90. V cc is the power supply voltage and V drop is a voltage drop on the motor controller. In addition, from the speed-torque curve of the motor (reflected at the wheel), it is possible to derive that the maximum output torque τ at a given operating wheel speed w is given by
where w nl corresponds to the no load speed of the wheel and τ s is the stall torque at the wheel; these variables are computed using
where g r is the gear ratio and τ m s , and w m nl are the stall torque and no load speed of the motor at a nominal voltage of 12V . Due to the current limitations imposed by the motor controllers, the maximum output torque is computed as
where K t is the torque constant of the motor.
EXPERIMENTAL RESULTS
A Modified Pioneer 3-AT robot shown in Fig. 1 , was employed to perform the experimental validation of the model. This robot is equipped with a PC104 stack running QNX and Maxon 4-Q-DC motor controllers, which allow current control. The robot is controlled in real time at 1.0KHz.
All experiments were performed at a constant linear speed of 0.2m/s and constant tire pressure of 20psi. The speed was chosen motivated by the findings of [12] , which showed that the torques for the outer and inner sides do not vary significantly as a function of speed for the low speed range considered in this paper. In addition, due to the low speeds, here we assume that the shift S o of the center of turn due to centrifugal force is negligible. All the experiments that involve curvilinear motion correspond to the left hand turns in the uphill direction.
Also, as discussed in Sec. 2, in order to compute the frictional forces, it is necessary to know the actual turn radius of the vehicle (R ) as a function of the commanded turn radius (R com ). Motivated by the work of [5] and [13] , we employ an empirical expansion factor α such that R = αR com .
To estimate the expansion factor, a group of experiments were conducted in which the robot was commanded to follow a set of different turn radii. The actual turn radius was then measured using an external high speed camera. As shown in Fig. 5 , α varies as a function of the slope and as a function of the turn radius. It is important to notice that as expected, the expansion factor approaches 1.0 as the turn radius increases.
Experimental Results on Flat Ground
This section includes experimental results on a flat wood surface used to estimate the terrain dependent parameters of the dynamic model. The robot was commanded to move at 0.2m/s for all the turn radii R in the set Figure 6 shows the resultant experimental and analytical curves of the inner and outer side torques. The turn radii R ≤ 0.20 correspond to turn radii inside the vehicle hull. Notice that the model performs good predictions for the outer side torques for the complete range of turn radii and for the inner side torque for large turn radii R ≥ B 2 . However, it does a poor job of predicting inner torques for R < B 2 . This led to modifying the dynamic model so that This model modification was motivated by the fact that as the turn radius gets smaller (R < B 2 ), the vehicle behaves similarly to a force couple and therefore the torques on the outer and inner sides are of similar magnitude and opposite signs. It is important to add that due to the differences in rolling resistance and gear friction of the outer and inner sides, the torque magnitudes do not necessarily match. These differences are accounted for in the extended model by R i , R o , τ ires , and τ ores . Figure 7 shows the resultant experimental and analytical curves of the inner and outer side torques using the extended model (39). The Root Mean Square Error (RMSE) corresponding to Fig. 7 for the outer and inner sides are 0.2186N and 0.1362N respectively.
Experimental Results on Slopes
This section presents the experimental validation of the model on a slope employing the same wood platform used for the estimation of the terrain dependent parameters. First, experimental results are presented for linear motion on the hill with an arbitrarly heading. Second, we evaluate the model performance under steady circular motion. In all experiments, the heading angle ψ is measured positive counter clockwise as illustrated in Fig. 4 . Figure 8 , presents the torque results for the vehicle moving straight with an initial heading of 60 • and a hill inclination of 10 • . The corresponding RMSE for the inner and outer sides are 0.1355Nm and 0.1445Nm respectively. It is important to clarify that the data corresponding to the first 0.2s was excluded in the calculation of the errors since this data corresponds to the initial transient and as mention in Sec. 2, the model was developed under steady state assumptions. Figures 10 and 11 present the torque prediction for curvilinear motion. Fig. 10 corresponds to the vehicle making a 7m radius turn on a 10 • inclined hill with an initial heading of 0 • . The corresponding RMSE for the inner and outer sides are 0.3066Nm and 0.1941Nm. Fig. 11 corresponds to the vehicle making a 1m turn radius on a 15 • inclined hill and −45 • initial heading. Notice that in Fig. 11 the model captures the saturation of the outer side actuator.
Application of the Proposed Model
The model presented in this paper can be used in motion planning tasks where it is desirable to generate predictable trajectories for the vehicle (e.g., trajectories that do not lead to saturation of the actuators). In Fig. 12 we provide an example of a terrain dependent minimum turn radius curve (MT R), which could then be used by path planners to limit the commanded turn radius for the vehicle.
The MT R curve was generated by performing forward simulation of the model on a terrain with the parameters identified in Section 3.1 and different hill inclinations and initial headings. The simulations are performed over a period of four seconds and the predicted torques are analyzed for saturation. For each combination of initial heading and hill inclination, the minimum turn radius that did not lead to saturation was then determined.
To validate the curve of Fig. 12 , the following experiment was performed. The robot was placed on the wood platform with 10 • inclination and an initial heading angle of 315 • . The robot was then commanded to perform turns in the proximity of the predicted minimum turn radius by Fig. 12 (1.6m) . Experimentally, it was found that the minimum turn radius was 1.5m, which is a close value to the predicted one. In addition, it can be noticed that the predicted value is on the conservative side, which is important, especially for planning in the presence of model uncertainties.
CONCLUSIONS AND FUTURE WORK
A terrain dependent dynamic model for skid-steered platforms was developed and validated on slopes. It was experimentally shown that the proposed model predicts motor torques as a function of turn radius for a full spectrum of turn radii (from point turn to linear motion). The model was also validated on a wooden surface for different inclinations and different turn radii. In addition, it was shown that the model was able to predict actuator saturation as a function of the terrain and turn radius, which led to the proposal of the MT R curves (a set of curves that can be incorporated with motion planners in order to obtain predictable vehicle trajectories).
In the near future the proposed model will be validated on different surfaces. In addition, experiments including downhill and crossed slope turns will be performed. Future work will also involve experiments at higher speeds where it is expected that centrifugal effects will not be negligible. It is worth mentioning that for that type of regimes of operation with high centrifugal forces, it would be important to include low level control strategies as the ones proposed in [14] to manipulate internal mass an inertial properties of the vehicle during motion.
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